Abstract-Based on ideas and methods of ergodic theory this paper presents a new approach investigating mobile ad hoc network connectivitp. It is shown how to define and evaluate the connectivity probability of a mobile network where the position of the nodes and the link quality changes over time. This methodology is applied to the random direction mobility model. The obtained results are further iIlnstrated on a scenario With obstacles with different propagation models of the signai. The results of the paper consist of a number of theoretical insights and proofs, which are interesting to researchers in the area of ad hoc networking, since they highlight the important issue of mobile ad hoc network connectivity.
I. INTRODUCTION The movement pattern of users has a significant impact on performance of mobile and wireless communication systems and networks. To incorporate user mobility in the simulation evaluation of e.g. routing protocols, a variety of models have been proposed (see [1, 2, 3] and references therein). The mobility models define bow the nodes move within the network. To represent unpredictable behavior of mobile users, these models include some form of randomization, when direction andlor speed of movement is chosen randomly.
Trustworthy mobility models should satisfy some criteria. Models used for cellular systems should provide realistic 'values for such parameters as the cell residence time, number of handoffs during a call, etc. In ad hoc networks the emphasis is shifted and other issues become important. These issues are connectivity of a network [4] , path duration (also called longevity of routes [ 5 ] ) and stability af routes [3] .
To achieve a connected ad hoc network, there must be a multihop path from each node to any other node. Observing a network at a given moment in time, we can determine if some of the nodes are isolated from other nodes or not.
Assuming some initial node distribution in a simulation area, we can guarantee with same probability that the network is connected at that moment in time [4] . Now the question arises what will happen when the nodes start moving around. Some links will be broken and new links will be established. It is desirable to have an estimation whether or not the network will remain connected and it would be practically convenient ' to have a measure of a network being connected under mobility of nodes.
Let us consider the situation when at the initial moment of time nodes are distributed uniformly on the simulation area and the network is connected. Then the nodes will start moving to any of the comers of the area and after some time the network will become and remain partitioned. This example is an extreme case when an initially connected network becomes unconnected, but it illustrates the importance of understanding the connectivity properties of a mobility model chosen for simulations. If a researcher would believe that a network is connected, whereas it is connected with probability of 0.8-0.9, it could potentially lead to misinterpretation of the simulation results.
In this paper we introduce a measure of a network connectivity in the presence of mobility, called connectivity pmbability. We define a general framework for evaluating the connectivity probability that different mobility models provide. Then, we explain how the analysis can be extended for the general case of the random direction model. The possibility to apply the developed framework to other mobility models is discussed. The remainder of the paper is organized as follows, Section 2 provides a general framework for evaluation of the connectivity probability of a mobile network. Section 3 contains analysis of the billiard mobility model. section 4 provides discussions of applicability of the framework to other models, for example, to the random waypoint model. In Section 5 an example of a simulation area with obstacles is considered and different propagation models of the signal between a pair of nodes are discussed. Section 6 discusses the related work and underline the novelty of our results. Section 7 offers some concluding remarks and gives perspectives for the future work. Note that for a network to be connected we require existence of a path from source to destination at any moment in time.
CONNECTIVITY PROBABILITY OF
As it is shown in [7] it might not be nccessary, but it imposes design of specific routing protocols. We do not include this special case in the scope of our consideration.
One can define a weakZy conneered network as a network where none of the nodes is isolated, or formally Definition 2. At a given moment in time a network consisting of n nodes is weakly coizrzected if max tnin 11 ri -rj 11 5 T
(1)
where T is the communication range and 11 . 11 is a metric in It is clear that if T 2 dzamD, then the problem is trivial
Under motion of nodes a semiaxis of time B+ is divided into intervals R2.
where T~(T;) denotes a time interval during which the network is connected (disconnected). Denote
Now the probability that a network is connected can be defined as a measure of set T+ on a semiaxis R+ = {t > 0). This measure is defined as it is customary in number theory:
if this limit exists. Analogously the probability that a network is disconnected is defined:
Analogously to (Z), the probability P, ' that a network is weakly connected can be introduced: one should consider partition of a semiaxis R+ into intervals during which the network is weakly connected.
Therefore, the problem of connectivity of a network consisting of moving nodes inside a domain is reduced to the problem of existence and calculation of the limit (2).
For the case of tbe billiard mobility rnbdel, the existence of the limit ( 2 ) is closely connected with the individual ergodic Birkhoff theorem [SI.
ANALYSIS OF BILLIARD MOBILITY MODEL
We start by giving a mathematical formulation of the bilIiard model. We assume that the trajectories of motion are straight lines and that they form equal angles with the boundary (socalled absolutely elastic impact). We consider the case when Applying the individual ergodic Birkhoff theorem (see Appendix) to the characteristic function of the domain S,, we can conclude that the limit ( 2 ) exists almost for a11 initial conditions. Now, in order to obtain an easy way to calculate (21, we use the theory of conditionally periodic motions. From the motion with reflection inside the square we can come to the regular conditionally periodic motion on a toms T2n = {~l , $ l , . . . , pn,&mod2x} (see Fig. 1 ). The motion is defined by the following equations:
where xi is the angle between the initial direction of motion of node i and axis z. One can see that equations (3) are integrable. The theory of.such motions on a torus was developed in works of Kronecker and Weyl.
It can be seen that the torus TZn covers a 2n-dimensional cube R2n = R x . . . x D = D n 22n times, We denote Sr a set that under T2" + D2n is transformed to S,.. Thus, the domain The relation (2) can be written in an equivalent form:
where f is the characteristic function of sT. One can show that for almost all angles XI I . . . , xn there is no resonance relation (6). E.g. for n = 1 condition (6) means that tan x1 is a rational number. We apply Weyl's ergodic theorem that says: the limit (4) always exists and in the typical situation (when the frequencies are not in a resonance), it coincides with the spatial average:
One can note that the integral in (7) Remark. If r < a a , then P f < 1 always. Indeed, if r is less than the diameter of the square D, then there will always be some positions of the nodes which will make the network disconnected (e,g. one isolated node in one corner of the square). Moreover, the unit of such positions forms a domain of positive measure.
From the practical point of view, we are interested in situations when with high probability a. network remains connected even though the distances between the nodes vary.
For example, we would like to achieve that alirlost surely no node in a network will be isolated. We can require the probability P+ of 95%. Figure 2 presents the connectivity probability dependence on a communication radius where the simulation area is a square of 100x100 m2 and the number of nodes is equal to.5, 10 and 50. When the density of nodes is high, in order to have a connected network with probability 95% at any moment of time, we should require the communication radius of 20 m.
One can observe that for the dense network the line presenting connectivity probability is steeper that the one for the scarce network.
Iv. APPLICABILITY OF THE METHOD TO OTHER MODELS
With some modifications, the approach presented in Section 3 can be extended and applied to more complicated models of nodes mobility. Formula (8) can be derived for the case of the general random direction mobility model, that is when different reflection laws are introduced. Further, the presented above results are also valid when D is a domain in R3 or when the shape of the simulation area is more complicated than a square or a rectangular. Formula (8) can also be applied when borders of the area consist of horizontal and vertical lines, or speaking more generally, when rectangular-shaped obstacles are placed in a simulation area. The later is illustrated by an example of an angle-shaped room in Section 5.
Speaking about other mobility models, it is more difficult to answer if the limit (2) exists. If a collection of mobile nodes comprises a dynamical system with some particular properties (namely, a system has an invariant measure), then for almost all initial conditions the limit exists. It can happen that for different initial conditions (i.e. different initial positions and velocities of the nodes) the limiting values will be different..As it is shown, for the random direction model the connectivity probability does not depend on the initial conditions, thus the probability (2) is defined correctly.
Another widely used for protocol performance evaluation model is the random waypoint model [2]. A node chooses a random destination and a travelling speed and travels towards the destination along a straight line. Upon arrival, it pauses and repeats the process. It seems that this model presents an example when the connectivity probability depends on the initial conditions. Therefore, in this situation we propose to introduce averaging over initial node distribution, and the obtained average connectivity probability can be used as an estimate that a network is connected in any point in time. A simulation scenario when a rectangular area with a lot of nodes is considered to be a good approximation for largescaIe ad hoc networks. For small-scale networks the shape of the mobility area becomes important. One way to make simulation scenarios more realistic is to incorporate obstacles in the simulation area. In contrast.to the case of a square, a direct line-of-sight (LOS) does not always exist between two nodes. Thus, some assumptions about the propagation characteristics should be made. Line C (Figure 5 ) presents the connectivity graph under the assumption that there are IIO walls and LOS always exists. In [9] a mobility model with obstacles is presented. The assumption is made that when a signal is propagated between a pair of nodes and there is an obstacie obstructing the direct transmission path, the signal is completely blocked by the obstade. We plot the connectivity graph under this assumption (line B, Figure 5) , i.e. the receiver fails to receive the transmission if no LOS is available. We can observe that the probability of having a connected network is not higher than 0.85 regardless of the communication range/ transmission power of the device. It is dear that these two situations are the limiting cases and truth lies somewhere in the middle. We propose to use a simplified propagation model in the case of an angle-shaped room: a signal can reach the receiver via non LOS propagation mechanisms, such as reflection, diffraction and scattering, but in this case the receiving power is 20dB smaller compared with the case when a LOS path exists. The drawback of the simplicity of the model is that a hard shadow boundary exists between LOS and non-LOS over which a signal drop of 20dB is experienced. The number 20dB seems to be realistic for an indoor environment, though it can vary a lot depending on materials of walls and ceiling, size of the room and the presence of other objects. As expected the resulting curve (line A, Figure 5 ) lies between the two previous curves and there exist parameters of the system where the probability is almost one.
VI. RELATED WORK
A thorough analysis of mobility models can be already found in the literature. Among the most extensively studied models, perhaps, are random direction and random waypoint models. The later is a popular choice for simulations and it is widely distributed with ns-2 simulator. But most of the studies have focused on the space node distribution as e.g in [l] or speed distribution [lo] . A number of works elaborates on the connectivity problem in ad hoc network but mainly in the static situations [4] . The focus of our work is the study of the impact of mobility on connectivity of a network, thus when placement of nodes and properties of the links changes over time.
As it was pointed out [lo] , for some mobility models a warm-up period of running a simulation is required until steady state is reached. Another common concem is about the space node distribution for particular models. It is known [e.g. 41 that the random waypoint model does not result in a uniform node distribution. From this perspective, billiard is a good example: no initial runs are needed and in any snapshot of the mobile network the nodes are distributed uniformly and independently at random in the area when the initial node distribution has had the same properties. Thus, if these properties are important for the evaluation scenario, the billiard model is recommended for use.
The main finding of our work, -that the probability of a network with the random direction mobility model to be connected at any moment in time is the same as at the initial moment in time, -is intuitively in correspondence with the already known properties of this model.
VII. CONCLUSIONS AND FUTURE WORK
We have presented a new method of describing a connectivity of an ad hoc network in presence of mobility as a measure.
On the example of a random direction mobility model we have illustrated the applicability of a developed general framework. A detailed theoretical analysis for the chosen model was conducted and results were illustrated with examples.
It is left for the future work to examine connectivity properties of other mobility models. Considered in the paper models, such as the random direction and random waypoint models, are generally used for simulations because they provide an easy way to simulate movements of nodes. There is an ongoing discussion how realistic these models are 1111 and if the results obtained with the help of these models reflect the real-life situation. From the other hand, obtaining realistic measurements of mobility is complex and expensive. One could adopt the approach presented in [3] where virtual world scenarios were used to explore mobility issues. To obtain mobility patterns, trajectories of users in a multi-player game such as e.g. Quake I1 can be recorded. This can provide a more reliable data for analysis, since users move within virtual worlds under realistic constraints. In our future work we want to investigate if the developed framework can be applied for 'virtual' mobility patterns and if modelling the behavior of 'virtual' nodes as a dynamical system can answer questions about network connectivity.
It would be also interesting to see if ergodic theory can provide insights in estimating path durations and stability of routes for ad hoc networks.
APPENDIX I

BIRKHOFF INDIVIDUAL ERGODIC THEOREM
Let X be a space with a finite measure p and f : X + W is an integrable function. Let gt be a phase flow of a dynamical system. Assume that the phase Row preserves the measure p: mes g t ( o ) = mes 0 for any measurable domain D. Then, for almost dl x E X the limit 'I ET exists and is an integrable function of x E X
